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Abstract 

We analyze the 77 7r°7r° and 77 — > tt+tt^ reactions using the master formula approach 
to chiral symmetry breaking. The pertinent vacuum correlators are estimated at tree 
level, and the results are compared with one- and two-loop chiral perturbation theory. 
The Compton scattering amplitude and the pion polarizabilities are also discussed. 
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1. Introduction 



At low energy, the fusion process 77 tt^vt^ is directly proportional to pion loops. 
One-loop cliiral perturbation theory |1|, |^ yields a result that is at odds with the data 
by several standard deviations even at threshold, suggesting important correlations in 
the scalar-isoscalar channel. Two-loop chiral perturbation |^ does better, with the help 
of few parameters that are fixed by resonance saturation. The data can also be fit using 
constraints from dispersion theory |^ , chiral perturbation theory and effective models 

i- 

In the present work, we will provide an analysis of 77 tt+tt^ and 77 ti^tt^, reac- 
tions from the point of view of the master formula approach to chiral symmetry breaking 
In this approach, chiral symmetry and unitarity are enforced without recourse to 
an expansion scheme. The result is a fusion amplitude that is expressed as the sum of 
two vacuum correlation functions. These correlation functions are amenable to power 
counting, lattice simulations or model calculations. 

Using power counting in l/f-jr, the various correlation functions may be analyzed to 
one-loop. The results have been discussed in and are overall similar to one-loop chiral 
perturbation theory. The effects of correlations can be either addressed by expanding 
further the correlators in l/fn or saturating them with physical states. In this paper, 
we will choose the latter route, since the former is likely to be similar to two-loop chiral 
perturbation theory. In section 2, we present our calculations. In section 3, we discuss 
the fusion cross sections and compare them with one- and two-loop chiral perturbation 
theory. In section 4, the Compton amplitudes are derived by crossing and compared to 
one- and two-loop chiral perturbation theory. Our concluding remarks are presented in 
section 5. 
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2. Calculation 

Let us consider the reaction Yili) l'^{l2) 7r°(A;i) Tx^{k2) in the gauge where the 
photon polarizabilities satisfy the condition e^{qi)q'^ = 0, with i,j = 1,2. Then, ei ■ ki = 
— ei ■ k2. Let us define the Mandelstam variables to be 

s = (<?i + = 2gi ■ q2 

t = {qi - kif = ml - 2q^ ■ ki (1) 
u = {qi- k2Y = ml- 2qi ■ k2 

Throughout qf = qi = ^ and Pi = P2 = The master formula approach to the 77 — > tttt 
reaction reads 

T''^''\s, t,u)= + tei-e2 (e^'^e"'^^ + e'"^^e^''' 



+ 4z ei ■ ki €2 ■ k2 ( ^—-e'^^ef"'' + -^e^<^/e/- 

\u — t — 

X <o|r*(v^(i/)v,^(^)v§(o))|o>eo„n 



+ e^'e^ k^k^ f d^yd^zid^Z2e-''i^-y+'^'-'^+'^^ 

In 

X < 0|T*fc„(zi)j^^(^2)V^(y)V^(0))|0 >eo„ 



22 



' ml 6^^ e^^ y d^y d^z e~"''-y-"'^-' 



<0\T*(V^^{y)ytiz)aiO))\0>,onn (2) 



The first and second lines in (|^) are the seagull and Born terms respectively. is the 
vector current in QCD and j^^, is the one-pion reduced axial-current in QCD. The scalar 
density a is defined by 



For more details on (0) we refer to [§. The dominant contributions to (0) are shown in 
Fig. 1. Note, that for c = = 3 the correlation function VVV does not contribute. For 
the fusion of two real photons, only the correlation functions jjVV and VVo" contribute. 
Their contribution to one-loop was analyzed in ^j. 

In general, the correlation functions jj VV and VVa diverge at short distances, and 
require subtractions. Naive power counting shows that only one-subtraction is needed for 
each of the correlation function. The subtraction constants in jj VV and VVo" will be set 
to zero because of charge-conservation in the crossed channel. Having said this, it is now 
equivalent to trade the T*-product in (Q) by the T-product, and saturate the time-ordered 
correlators with physical states at tree level. Using 

<0|V^(x)|/(p)> ~ SXiP)fpm,e-^'"' (4) 

the result reads 

^tt= + ^'-e'^- -,k^<pHqi)\rAa\AfiQ)> 

Jtt hi ~ 



X 



t — m\ u — m 



p 



X ^ < o^fe)|<7|0 > ^ (5) 

s — ~ ^p 

where the propagators carry the Feynman prescription. The state > refers to 

an axial vector particle of mass with momentum Q = qi — ki in the t-channel, and 
Q = qi — k2 in the u-channel, while the state \cr{q) > refers to a scalar particle of mass 
rria. These particles will be assigned specific widths in the discussion to follow. 

In Fig. 2, we show additional tree level contributions to jjVV. However, these contri- 
butions to the amplitude are two orders of magnitude down compared to the ones shown 



in Fig. 1, and will be ignored 0. Indeed, the contributions to from Fig. 2, are just 
through the longitudinal parts ki ■ jA^2 ■ 3a ~ ("^^/""^i)^- Thus a factor ml/m\ ~ 10~^ 
down compared to the dominant parts in (|^), following from Fig.l. We also note that 
in chiral models with vector mesons P, |10], there is usually no TrAi-mixing, and so these 
contributions are just zero in the fusion amplitude. 

The matrix elements and vertices appearing in are not known. Assuming that they 
are analytic in the invariant momenta, we will only retain their leading behaviour at low 
energy. For the scalar, we will use < 0\qq\a{q) >= ~ ml as suggested by instanton 
simulations [|rT|, and confirmed by our fit (see below). For the transition matrix element 



of the axial- vector current between the p and the ai, we will use the general decomposition 



3af 



(6) 



where and stand for the vector and the axial polarizations respectively. Charge- 
conservation in the crossed (Compton) channel requires that Fi = and F2 = — -F3 = Fa- 
For simplicity, we will set Fa to a constant. Finally, for the ppa vertex, we choose 

Vapp{s) = ilppa— (7) 

A constant contribution to (J^) violates charge neutrality of the 7r°, since it gives a non- 
zero charge to 7r° in the Compton amplitude by crossing. Order O(s^) have been ignored 
for simplicity. 

Using the above parametrizations for the matrix elements, we obtain for the fusion 
amplitude 

j^mj, I ml u- m\ m^ s - m^ ] 

"'^Note that if we were to express the A-propagator in a Landau-hke gauge, these contributions will 
just drop from the amplitude because of transversality. 



with 

{4ml - s) {ml + 
9is,t,u) = 

^ {ml~t){ml-u) - sml ^ s{ml + 

The parameters in (|^) are Fa and 7ppo-- The various masses, decay widths and decay 
constants fAifpi are fixed by experiment. 

3. Cross sections 

• For the neutral fusion process 77 — > tt'^tt" the first (seagull), second (Born) and third 
terms in (^ drop and the amplitude reads 

Jyy^^o^o =ie ei ■ 62 — 5- 5 5- (iUj 

f^mi mi s — mi 

Let To- be the momentum dependent width of the scalar particle Wl 



The differential cross section for the neutral fusion process receives contribution only from 
the VVa in the form 

^) = ^|^a°(s).p (12) 

with a neutral polarization function for the fusion process given by 

^„ «n^»7^ (13) 



Here (iy = ^\ — Ami/ s is the pion velocity in the CM frame. 

Using mg. = SOOMeV and Fi = 550MeV, an overall fit to the total cross section as 
shown in Fig. 2, implies that 



2 

mt 



7,,.~6.1-:i (14) 
m 



Small changes in the scalar parameters are possible. Large changes, however, will upset 
the fit. This implies the presence of a low mass scalar-isoscalar contribution in the neutral 
fusion process, albeit with a large width. 

• For the charged fusion process 77 tt+tt^ the seagull and Born terms in (H) 
contribute, while the third term VVV drops. The amplitude reads 



^ t — mi u — mi 



2 I . fp sFlg{s,t,u) fpm^ mjpp^ s 



-2ze\, ■ e2 1 - ^ '-^^ - V r (15) 

The differential cross section for the charged fusion process can be written in the following 
form 

d(T\ a'^Pv f f^-K ±, |2 i-D 



dVtJ 4s 



+ \l + '^<^i{s)s? + \^ + '^a^{s)s\') (16) 



with a charged polarization function given by 



^ (^-0(4 + '""Y ' . 1 (17) 

j^mp \ s J \ m^ u — m\ m^ s — m^ 



and a Born contribution 

^ = -^ + Tf — (18) 

{t-ml){u-ml) 

For Fa = 1 the contribution to the Born term is small, and the differential cross section 
is in overall agreement with the data as shown in Fig. 3. 

4. Compton Scattering 



For 7(gi) 7r°(/ci) — > 7(^2) '^'^{^2) we have by crossing s ^ t 



2 



da \ m: 
dil ) „ n 4s 



am. 



2 f^rn'^p rnl t — ml + im^jT^ 
6 



(19) 



which yields the following neutral pion polarizability 

where we used m.„ = 135 MeV, fj, = 93 MeV and fp = 144 MeV. This result is to be 
compared with the result of —0.49 ■ 10~^ fm^ following from one-loop chiral perturbation 
theory [0, and the data a°(exp) = (0.69 ± 0.07 ± 0.04) • 10"^ fm^ |g and a°(exp) = 



(0.8 ±2.0) ■ 10 ^ fm^ []I5|. The Compton scattering amplitude as a function of ^/s is shown 



in Fig. 4. (solid line), in comparison with one- loop (dot-dashed) and two-loop (dashed) 
chiral perturbation theory [Q. 

• The differential cross section for the charged Compton process 7(^1) 7r^{ki) — *■ 
7(^2) 7r^(/c2) is 

^"^""^ + ^c^im' + \B + ^aimA (21) 



2s V 2a ' ' ' 2a 

with a charged polarization function for the charged Compton process given by {^i7\j with 
s — *■ and a Born contribution 

B = -l + ^ ^ (22) 

[s — ml)[u — ml) 

From (pip we read the charged pion polarizability 

«^(0) = A2Fl[l-^]^^-a» 
2 /^m^ 2mj^ m^ - m\ 

~ +2.4-10"^fm^ (23) 

for F4 = 1. This result is to be compared with = 2.7 ■ 10~^ fm^ following from chiral 
perturbation theory [0, and the data a^(exp) = (2.2 ± 1.6) ■ 10^^ fm'^ p4 |. 
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5. Conclusions 

In the master formula approach to chiral symmetry breaking, the two-photon fusion 
process is expressed in terms of two vacuum correlation functions. One of the correlation 
function drops in the chiral limit. These correlation functions are amenable to lattice esti- 
mates. In this paper they were saturated by low mass excitations at tree level. The results 
for the charged fusion process are dominated by the Born term, and overall insensitive 
to the low mass excitations. In the chargeless channel, our analysis shows a clear contri- 
bution from a broad scalar-isoscalar resonance with ~ SOOMeV and ~ 550MeV, 
much like the one seen in tttt scattering for the scalar-isoscalar channel. The pion polar- 
izabilities are also found in fair agreement with the data. Our results compare favorably 
with the two- loop analysis and results from dispersion theory. In fact, our approxima- 
tions are amenable to specific weights in the spectral analysis of the correlation functions. 
Prom this point of view our results are similar in spirit to the dispersion analysis with 
full compliance with the underlying Ward identities. Also they provide simple insights to 
two correlation functions that can be compared with future lattice simulations. 
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Figure captions 



Figure 1: Dominant contributions to the vacuum correlators in the process 77 vrvr 
as given by Eq. (0). The solid V-lines refer to the isovector vector-current V, the solid 
A-lines refers to the one-pion reduced isovector axial-current j^, and the solid S-line refers 
to the scalar current triggered by a. The wiggly lines indicate incoming photons, and the 
dashed lines outgoing pions. The crossed contributions are understood. 

Figure 2: Subleading diagrams stemming from the vacuum correlator jjVV featuring 
vrAi-mixing. 

Figure 3: The 77 — tt^tt^ cross section a (| cos6\ < 0.8) as a function of the center-of- 
mass energy £^-y = y/s with the data from the Crystal Ball experiment 0. Our best fit 
(solid line) as compared to the two-loop result 0] (dashed line). 

Figure 4: The 77 vr+vr" process as a function of S.yy = y/s. Our cross section (solid 
line) versus one-loop xPT (dashed) and tree (dot-dashed) ^ Q results. Data points are 
taken from Mark II experiment M . 



Figure 5: The Compton scattering 77?^ — > 77r^ cross section as a function of the CM 
energy S^^, = Our result (solid line) as compared to the two (dashed) and one-loop 
(dot-dashed) xPT calculations [ffl. 
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